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QUADRATIC LIE ALGEBRAS
ALESSANDRO ARDIZZONI AND FABIO STUMBO
Abstrat. In this paper, the notion of universal enveloping algebra intro-
dued in [A. Ardizzoni, A First Sight Towards Primitively Generated Con-
neted Braided Bialgebras, submitted. (arXiv:0805.3391v3)℄ is speialized to
the ase of braided vetor spaes whose Nihols algebra is quadrati as an alge-
bra. In this setting a lassiation of universal enveloping algebras for braided
vetor spaes of dimension not greater than 2 is handled. As an appliation,
we investigate the struture of primitively generated onneted braided bialge-
bras whose braided vetor spae of primitive elements forms a Nihols algebra
whih is quadrati algebra.
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1. Introdution
Let K be a xed eld. A braided vetor spae (V, c) onsists of a vetor spae V
overK and a K-linear map c : V ⊗V → V ⊗V , alled braiding of V , whih satises
the quantum Yang-Baxter equation (2.1). A braided bialgebra is then a braided
vetor spae whih is both an algebra and a oalgebra with strutures ompatible
with the braiding. Examples of braided bialgebras arises as bialgebras in braided
monoidal ategories.
In [Ar℄, the struture of primitively generated onneted braided bialgebras A
with respet to the braided vetor spae (P, c) onsisting of their primitive elements
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is investigated. The braided vetor spae (P, c) is endowed with a suitable K-
linear map b : E (P, c)→ P and the datum (P, c, b) is alled a braided Lie algebra
(ordinary Lie algebras an be understood as a partiular ase of this notion). Here
E (P, c) denotes the spae of primitive elements of the tensor algebra T (P ) having
degree at least two. When the Nihols algebra of (P, c) is obtained dividing out
the tensor algebra T (P ) by the two-sided ideal generated by E (P, c), in [Ar℄ it is
shown that A an be reovered as a sort of universal enveloping algebra U (P, c, b)
of the braided Lie algebra (P, c, b). As an appliation of this onstrution, in [Ar℄ it
is proved that if A is a onneted braided bialgebra suh that the graded oalgebra
grA assoiated to the oradial ltration is a quadrati algebra with respet to its
natural braided bialgebra struture, then, see Theorem 3.2, A is isomorphi as a
braided bialgebra to the universal enveloping algebra U (P, c, b) of the braided Lie
algebra (P, c, b) of primitive elements of A. It is remarkable that in this ontext the
Nihols algebra B (P, c) is a quadrati algebra.
Motivated by this observation, in this paper we investigate the struture of
braided Lie algebras (V, c, b) whose Nihols algebra is quadrati as an algebra and of
the orresponding universal enveloping algebra U (V, c, b). First, in Theorem 3.11,
we prove that when the Nihols algebra is quadrati, then the universal enveloping
algebra simplies as follows:
U (V, c, b) =
T (V, c)((
Id− β¯) [E2 (V, c)])
where β¯ : E2 (V, c) → V is the restrition of b to the spae E2 (V, c) = E (P, c) ∩
V ⊗2 = ker (c+ IdV ⊗2), so that the datum (V, c, β¯) ompletely enodes the struture
of the universal enveloping algebra and it is alled a quadrati Lie algebra (QLie
algebra for short), see Denition 3.5. Thus it is natural to write UQ
(
V, c, β¯
)
instead
of U (V, c, b). Now, in Lemma 3.15, we prove that, under the further assumption
that the braiding c is root of a polynomial f ∈ K [X ] of the form f = (X + 1)h
where h ∈ K [X ] is suh that h(−1) 6= 0, then β¯ : E2 (V, c) → V is ompletely
determined by the map β := β¯h(c) : V ⊗ V → V . Moreover, by Remark 3.16, we
have the following further simpliation
UQ
(
V, c, β¯
)
=
T (V, c)
(h (c) (z)− β (z) | z ∈ V ⊗2) .
Thus, as above, the datum (V, c, β) ompletely enodes the struture of the universal
enveloping algebra and it is alled a lifted quadrati Lie algebra (lifted QLie algebra
for short), see Denition 3.12, so we will write UQ (V, c, β) instead of UQ
(
V, c, β¯
)
.
In Setion 4, we lassify up to isomorphism all lifted QLie algebras (V, c, β)
suh that dim (V ) ≤ 2 and dim (Imβ) = 1, under mild assumptions (the ase
dim (Imβ) = 2 is partially treated in the Appendix A). The orresponding envelop-
ing algebras are also desribed expliitly in the main Theorem 4.4. As an applia-
tion, in Theorem 4.9, we study primitively generated onneted braided bialgebras
A with braided vetor spae of primitive elements (P, c) suh that the Nihols alge-
bra B (P, c) is a quadrati algebra and c is root of a polynomial f ∈ K [X ] having
−1 as a simple root. Suh an A is isomorphi to the universal enveloping algebra
UQ (V, c, β) of a suitable lifted QLie algebra (P, c, β) onstruted on (P, c). Thus
the previous results apply.
We point out that many omputations of this last part of the paper have been
handled with the help of the Computer Algebra System AXIOM [AX℄.
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2. Preliminaries
Throughout this paper K will denote a eld. All vetor spaes will be dened
over K and the tensor produt of two vetor spaes will be denoted by ⊗.
Theorem 2.1. Let V be a vetor spae. Given a K-linear map α ating on the
spae V ⊗l, then we will denote by αi then K-linear map V
⊗i−1 ⊗ α ⊗ V n−i−l+1
ating on the spae V ⊗n, n ≥ l + i− 1.
Denition 2.2. Let V be a vetor spae over a eld K. A K-linear map c :
V ⊗ V → V ⊗ V is alled a braiding of V if it satises the quantum Yang-Baxter
equation
(2.1) c1c2c1 = c2c1c2
on V ⊗ V ⊗ V , where c1 := c ⊗ V and c2 := V ⊗ c. The pair (V, c) will be alled
a braided vetor spae (or Y B-spae). A morphism of braided vetor spaes
(V, cV ) and (W, cW ) is a K-linear map f : V →W suh that cW (f⊗f) = (f⊗f)cV .
A general method for produing braided vetor spaes is to take an arbitrary
braided ategory (M,⊗,K, a, l, r, c), whih is a monoidal subategory of the ate-
gory of K-vetor spaes. Hene any objet V ∈ M an be regarded as a braided
vetor spae with respet to c := cV,V . Here, cX,Y : X ⊗ Y → Y ⊗X denotes the
braiding in M. The ategory of omodules over a oquasitriangular Hopf algebra
and the ategory of Yetter-Drinfeld modules are examples of suh ategories. More
partiularly, every biharater of a group G indues a braiding on the ategory of
G-graded vetor spaes.
Denition 2.3. [Ba℄ The quadruple (A,mA, uA, cA) is alled a braided algebra
if
• (A,mA, uA) is an assoiative unital algebra;
• (A, cA) is a braided vetor spae;
• mA and uA ommute with cA, that is the following onditions hold:
cA(mA ⊗A) = (A⊗mA)(cA ⊗A)(A⊗ cA),(2.2)
cA(A⊗mA) = (mA ⊗A) (A⊗ cA) (cA ⊗A),(2.3)
cA(uA ⊗A) = A⊗ uA, cA(A⊗ uA) = uA ⊗A.(2.4)
A morphism of braided algebras is, by denition, a morphism of ordinary algebras
whih, in addition, is a morphism of braided vetor spaes.
Denition 2.4. The quadruple (C,∆C , εC , cC) is alled a braided oalgebra if
• (C,∆C , εC) is a oassoiative ounital oalgebra;
• (C, cC) is a braided vetor spae;
• ∆C and εC ommute with cC , that is the following relations hold:
(∆C ⊗ C)cC = (C ⊗ cC)(cC ⊗ C)(C ⊗∆C),(2.5)
(C ⊗∆C)cC = (cC ⊗ C)(C ⊗ cC)(∆C ⊗ C),(2.6)
(εC ⊗ C)cC = C ⊗ εC , (C ⊗ εC)cC = εC ⊗ C.(2.7)
A morphism of braided oalgebras is, by denition, a morphism of ordinary oal-
gebras whih, in addition, is a morphism of braided vetor spaes.
Denition 2.5. [Ta, Denition 5.1℄ A sextuple (B,mB, uB,∆B, εB, cB) is a alled
a braided bialgebra if
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• (B,mB , uB, cB) is a braided algebra
• (B,∆B , εB, cB) is a braided oalgebra
• the following relations hold:
(2.8) ∆BmB = (mB ⊗mB)(B ⊗ cB ⊗B)(∆B ⊗∆B).
Denition 2.6. We will need graded versions of braided algebras, oalgebras and
bialgebras. A graded braided algebra is a braided algebra (A,mA, uA, cA) suh
that A =
⊕
n∈NA
n
and mA(A
m ⊗An) ⊆ Am+n, for every m,n ∈ N. The braiding
cA is assumed to satisfy cA(A
m ⊗ An) ⊆ An ⊗ Am. It is easy to see that 1A =
uA (1K) ∈ A0. Therefore a graded braided algebra is dened by maps mm,nA :
Am ⊗ An → Am+n and cm,nA : Am ⊗ An → An ⊗ Am, and by an element 1 ∈ A0
suh that for all n,m, p ∈ N, a ∈ An
mn+m,pA (m
n,m
A ⊗Ap) = mn,m+pA (An ⊗mm,pA ),(2.9)
m0,nA (1 ⊗ a) = a = mn,0A (a⊗ 1),(2.10)
cn+m,pA (m
n,m
A ⊗Ap) = (Ap ⊗mn,mA )(cn,pA ⊗Am)(An ⊗ cm,pA ),(2.11)
cn,m+pA (A
n ⊗mm,pA ) = (mm,pA ⊗An)(Am ⊗ cn,pA )(cn,mA ⊗Ap),(2.12)
c0,nA (1⊗ a) = a⊗ 1 and cn,0A (a⊗ 1) = 1⊗ a.(2.13)
The multipliation mA an be reovered from (m
n,m
A )n,m∈N as the unique K-linear
map suh that mA(x ⊗ y) = mp,qA (x ⊗ y), for all p, q ∈ N, x ∈ Ap, y ∈ Aq. Analo-
gously, the braiding cA is uniquely dened by cA(x⊗ y) = cp,qA (x⊗ y), for all p, q ∈
N, x ∈ Ap, y ∈ Aq. We will say that mn,mA and cn,mA are the (n,m)-homogeneous
omponents of ∇ and cA, respetively.
Graded braided oalgebras an by desribed in a similar way. By deni-
tion a braided oalgebra (C,∆C , εC , cC) is graded if C =
⊕
n∈NC
n, ∆C(C
n) ⊆∑
p+q=n C
p ⊗ Cq, cC(Cn ⊗ Cm) ⊆ Cm ⊗ Cn and εC|Cn = 0, for n > 0 . If pip
denotes the projetion onto Cp then the omultipliation ∆C is uniquely dened
by maps ∆p,qC : C
p+q → Cp ⊗ Cq, where ∆p,qC := (pip ⊗ piq)∆C |Cp+q . The ounit is
given by a map ε0C : C
0 → K, while the braiding cC is uniquely determined by a
family (cn,mC )n,m∈N, as for braided algebras. The families (∆
n,m
C )n,m∈N, (c
n,m
C )n,m∈N
and ε0C has to satisfy the relations that are dual to (2.9)  (2.13), namely for all
n,m, p ∈ N, c ∈ Cn, d ∈ C0:
(∆n,mC ⊗ Cp)∆n+m,pC = (Cn ⊗∆m,pC )∆n,m+pC ,(2.14)
(ε0C ⊗ Cn)∆0,nC (c) = c = (Cn ⊗ ε0C)∆n,0C (c),(2.15)
(Cp ⊗∆n,mC )cn+m,pC = (cn,pC ⊗ Cm)(Cn ⊗ cm,pC )(∆n,mC ⊗ Cp),(2.16)
(∆m,pC ⊗ Cn)cn,m+pC = (Cm ⊗ cn,pC )(cn,mC ⊗ Cp)(Cn ⊗∆m,pC ),(2.17)
(ε0C ⊗ C)cC(c⊗ d) = ε0C(d)c = (C ⊗ ε0C)cC(d⊗ c).(2.18)
We will say that ∆n,mC is the (n,m)-homogeneous omponent of ∆C .
A graded braided bialgebra is a braided bialgebra whih is graded both as
an algebra and as a oalgebra.
Denition 2.7. Reall that a oalgebra C is alled onneted if C0, the oradial
of C (i.e the sum of simple suboalgebras of C), is one dimensional. In this ase
there is a unique group-like element 1C ∈ C suh that C0 = K1C . A morphism
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of onneted oalgebras is a oalgebra homomorphisms (learly it preserves the
grouplike elements).
By denition, a braided oalgebra (C, cC) is onneted if C0 = K1C and, for
any x ∈ C,
(2.19) cC(x⊗ 1C) = 1C ⊗ x, cC(1C ⊗ x) = x⊗ 1C .
2.1. The universal enveloping algebra. In this subsetion we reall some de-
nitions and notations from [Ar℄.
Denition 2.8. Let T := T (V, c) and set
E (V, c) :=
⊕
n∈N
En (V, c)
where
En (V, c) :=


0 if n = 0, 1,⋂
a,b≥1
a+b=n
ker
(
∆a,bT
)
if n ≥ 2.
The elements of E (V, c) are the primitive elements in T of degree greater then 1
(f. [Ar, Lemma 3.3℄). Note that E2 (V, c) = ker
(
∆1,1T
)
= ker (c+ IdV ⊗2).
Claim 2.9. It is easy to hek that the braiding cT of the tensor algebra T := T (V, c)
indues for all u ∈ N maps
cEt(V,c),V ⊗u : Et (V, c)⊗ V ⊗u → V ⊗u ⊗ Et (V, c) ,
cV ⊗u,Et(V,c) : V
⊗u ⊗ Et (V, c) → Et (V, c)⊗ V ⊗u.
Thus we an dene the following maps
cE(V,c),V ⊗u : =
⊕
t∈N
cEt(V,c),V ⊗u : E (V, c)⊗ V ⊗u → V ⊗u ⊗ E (V, c) ,
cV ⊗u,E(V,c) : =
⊕
t∈N
cV ⊗u,Et(V,c) : V
⊗u ⊗ E (V, c)→ E (V, c)⊗ V ⊗u.
Denition 2.10. A (braided) braket on a braided vetor spae (V, c) is a K-
linear map b : E (V, c)→ V suh that
(2.20) c (b⊗ V ) = (V ⊗ b) cE(V,c),V c (V ⊗ b) = (b⊗ V ) cV,E(V,c).
The restrition of b to Et (V, c) will be denoted by b
t : Et (V, c)→ V.
If b is a braket on a braided vetor spae (V, c) , then we dene the universal
enveloping algebra of (V, c, b) to be
(2.21) U (V, c, b) :=
T (V, c)
((Id− b) [E (V, c)])
whih, by [AMS1, Theorem 6.3℄, is a braided bialgebra quotient of the tensor algebra
T (V, c) . Note that 0 is always a braket on (V, c) so that it makes sense to dene
the symmetri algebra of (V, c) by setting
S (V, c) := U (V, c, 0) =
T (V, c)
(E (V, c))
.
We will denote by piU : T (V, c) → U (V, c, b) (resp. piS : T (V, c) → S (V, c)) the
anonial projetion and by iU : V → U (V, c, b) (resp. iS : V → S (V, c)) its
restrition to V .
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Denition 2.11. [Ar, Denition 5.6℄ We say that (V, c, b) is a braided Lie alge-
bra whenever
• (V, c) is a braided vetor spae;
• b : E (V, c)→ V is a braket on (V, c);
• the anonial K-linear map iU : V → U (V, c, b) is injetive i.e.
V ∩ ker (piU ) = ker (iU ) = 0.
Claim 2.12. Let (V, c) be a braided vetor spae and let T = T (V, c). By the
universal property of the tensor algebra there is a unique algebra homomorphism
ΓT : T (V, c)→ T c (V, c)
suh that ΓT|V = IdV , where T
c (V, c) denotes the quantum shue algebra. This is
a morphism of graded braided bialgebras. The Nihols algebra of (V, c) is dened
by
B (V, c) = Im
(
ΓT
) ≃ T (V, c)
ker (ΓT )
.
3. General results on quadrati algebras
We reall from [Man, page 19℄ the denition of quadrati algebra.
Denition 3.1. A quadrati algebra is an assoiative graded K-algebra A =
⊕n∈NAn suh that:
1) A0 = K;
2) A is generated as a K-algebra by A1;
3) the ideal of relations among elements of A1 is generated by the subspae of
all quadrati relations R(A) ⊆ A1 ⊗ A1.
Equivalently A is a graded K-algebra suh that the natural map pi : TK(A
1) → A
from the tensor algebra generated by A1 is surjetive and ker(pi) is generated as a
two sided ideal in TK(A
1) by ker(pi) ∩ [A1 ⊗A1].
Theorem 3.2. [Ar, Theorem 9.5℄ Let (A, cA) be a onneted braided bialgebra
suh that the graded oalgebra assoiated to the oradial ltration is a quadrati
algebra with respet to its natural braided bialgebra struture. Let (P, cP , bP ) be the
innitesimal braided Lie algebra of A. Then B (P, cP ) is a quadrati algebra and A
is isomorphi to U (P, cP , bP ) as a braided bialgebra.
Theorem 3.2 justies our interest in the study of the universal enveloping algebra
of braided Lie algebras (V, c, b) suh that B (V, c) is a quadrati algebra. Examples
of braided vetor spaes (V, c) suh that B (V, c) is a quadrati algebra an be found
e.g. in [MS℄ and in [AG2℄. By [AS3, Proposition 3.4℄, another example is given by
braided vetor spaes of Heke-type with regular mark.
3.1. Quadrati Lie algebras. In this subsetion we introdue and study the no-
tion of quadrati Lie algebra: we will see that this notion ompletely determines
the universal enveloping algebra of a braided Lie algebra.
Denition 3.3. A quadrati braket (Qbraket for short) on a braided vetor
spae (V, c) is a K-linear map β = βV : E2 (V, c)→ V suh that
(3.1) cβ1 = β2cE2(V,c),V cβ2 = β1cV,E2(V,c).
QUADRATIC LIE ALGEBRAS 7
A morphism of Qbrakets is a morphism of braided vetor spaes f : (V, cV )→
(W, cW ) suh that f ◦ βV = βW ◦ (f ⊗ f) . For any braided vetor spae (V, c), we
set
E2 (V, c) = (E2 (V, c)⊗ V ) ∩ (V ⊗ E2 (V, c)) =
{
z ∈ V ⊗3 | c1 (z) = −z = c2 (z)
}
.
Remark 3.4. Let β : E2 (V, c)→ V be a Qbraket on a braided vetor spae (V, c) .
Then
(3.2)
(
β1 − β2
) (
E2 (V, c)
)
⊆ E2 (V, c) .
In fat, let z ∈ E2 (V, c). Then
c
(
β1 − β2
)
(z) = cβ1 (z)− cβ2 (z)
(3.1)
= β2cE2(V,c),V (z)− β1cV,E2(V,c) (z)
= β2 (z)− β1 (z) .
Denition 3.5. A quadrati Lie algebra (QLie algebra for short) is a tern(
V, c, β
)
where
• (V, c) is a braided vetor spae;
• β : E2 (V, c)→ V is a Qbraket suh that
(3.3) β
(
β1 − β2
) (
E2 (V, c)
)
= 0.
Note that (3.3) makes sense in view of (3.2).
A morphism of QLie algebras f :
(
V, cV , βV
)→ (W, cW , βW ) is by denition a
morphism of Qbrakets f : (V, cV )→ (W, cW ).
If β is a Qbraket on a braided vetor spae (V, c) , then we dene the quadrati
universal enveloping algebra of
(
V, c, β
)
to be
UQ
(
V, c, β
)
:=
T (V, c)((
Id− β) [E2 (V, c)]) .
Mimiking the proof of [Ar, Theorem 3.9℄, one easily veries that UQ
(
V, c, β
)
is
indeed a braided bialgebra quotient of the tensor algebra T (V, c) . Note that 0
is always a Qbraket on (V, c) so that it makes sense to dene the quadrati
symmetri algebra of (V, c) by setting
SQ (V, c) := UQ (V, c, 0) =
T (V, c)
(E2 (V, c))
.
We will denote by piUQ : T (V, c) → UQ (V, c, b) (resp. piSQ : T (V, c) → SQ (V, c))
the anonial projetion and by iUQ : V → UQ (V, c, b) (resp. iSQ : V → SQ (V, c))
its restrition to V .
Remark 3.6. Let (V, I⊕I∗ = V ⊗2, β) be a braided Lie algebra in the sense of [Gu,
Denition 1℄. Then β is a map from V ⊗V to V where V is an objet in the braided
monoidal ategory A dened therein. Hene the braiding of A indues a braiding
on V that we denote by c. Suppose I := E2 (V, c) = ker(c + IdV ⊗2) (for instane
this is what happens in [Gu, bottom of page 325℄ where V ′ plays the role of our V ,
see also [Ar, Example 9.6℄) Then ondition 0 in Gurevih's denition means that
SQ (V, c) is a Koszul algebra. Condition 1 yields that β is ompletely determined
by its restrition to I. Condition 2 entails that (3.3) holds. Condition 3 tells that
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β is a morphism in A so that β is ompatible with the braiding of A whene it is a
Qbraket. Summing up we get that
(
V, c, β
)
is a QLie algebra suh that SQ (V, c)
is a Koszul algebra. Note also that UQ
(
V, c, β
)
= U (g) in Gurevih's sense.
Claim 3.7. Let (V, c) be a braided vetor spae and let β : E2 (V, c) → V be a
Qbraket. Set
T := T (V, c) and UQ := UQ (V, c, b) .
Let piUQ : T → UQ be the anonial projetion. By onstrution piUQ is a morphism
of braided bialgebras. Set T≤n := ⊕0≤t≤nV ⊗t and
U ′n := piUQ
(
T≤n
)
.
Then (U ′n)n∈N is both an algebra and a oalgebra ltration on UQ, whih is alled
the standard ltration on UQ. Note that this ltration is not the oradial ltration
of UQ in general. Still one has U
′
n = piUQ
(
T≤n
) ⊆ piUQ (Tn) ⊆ (UQ)n where Tn and
(UQ)n denote the n-th terms of the oradial ltration of T and UQ respetively.
Denote by
gr′ (UQ) := ⊕n∈N U
′
n
U ′n−1
.
the graded oalgebra assoiated to the standard ltration, see [Sw, page 228℄.
If β = 0, then SQ (V, c) = UQ (V, c, 0) is a graded bialgebra of the form SQ (V, c) =
⊕n∈NSnQ (V, c). The standard ltration on SQ (V, c) is the ltration assoiated to
this grading.
Proposition 3.8. Let β : E2 (V, c) → V be a Qbraket on a braided vetor spae
(V, c). Then gr′ (UQ (V, c, b)) is a graded braided bialgebra and there is a anonial
morphism of graded braided bialgebras θ : SQ (V, c) → gr′ (UQ (V, c, b)) whih is
surjetive and lifts the map θ1 : V → U ′1/U ′0 : v 7→ piUQ (v) + U ′0.
Proof. It is similar to the proof of [Ar, Proposition 5.14℄. 
Theorem 3.9. Let β : E2 (V, c)→ V be a Qbraket on a braided vetor spae (V, c).
Then B (V, c) is a quadrati algebra if and only if SQ (V, c) = B (V, c). If this holds,
the following assertions are equivalent.
(i) iUQ : V → UQ
(
V, c, β
)
is injetive.
(ii) V ∩ ker (piUQ) = 0.
(iii) The anonial map θ : S (V, c)→ gr′ (UQ (V, c, β)) of Proposition 3.8 is an
isomorphism of graded braided bialgebras.
(iv) iUQ indues an isomorphism between V and P
(
UQ
(
V, c, β
))
.
Proof. Clearly B (V, c) is quadrati if it oinide with SQ (V, c). On the other hand,
if B (V, c) is quadrati, we get
ker
(
ΓT
)
=
(
ker
(
ΓT2
))
= (ker (c+ IdV ⊗2)) = (E2 (V, c))
and hene SQ (V, c) = B (V, c). From this equality, one gets that P (SQ (V, c)) =
iS (V ) . Using this equality the proof is similar to that of [Ar, Theorem 6.3℄. 
Theorem 3.10. Let β : E2 (V, c) → V be a Qbraket on a braided vetor spae
(V, c). Assume that the Nihols algebra B (V, c) is a quadrati algebra. Then(
V, c, β
)
is a QLie algebra whenever iUQ : V → UQ
(
V, c, β
)
is injetive. The
onverse is true if B (V, c) is Koszul.
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Proof. Let P :=
(
Id− β) [E2 (V, c)] .
Assume that iUQ : V → UQ
(
V, c, β
)
is injetive. We have to prove that (3.3)
holds. Let z ∈ E2 (V, c), then
V ∋ β (β1 − β2) (z) = (β − Id) (β1 − β2) (z) + (β1 − Id) (z) + (Id− β2) (z)
∈ P + P ⊗ V + V ⊗ P ⊆ ker (piUQ) .
By Theorem 3.9, we have V ∩ ker (piUQ) = 0 so that β (β1 − β2) (z) = 0.
Conversely, assume that
(
V, c, β
)
is a QLie algebra and that B (V, c) is Koszul.
By Theorem 3.9, iUQ : V → UQ
(
V, c, β
)
is injetive if and only if the anonial
map θ : S (V, c)→ gr′ (UQ (V, c, β)) of Proposition 3.8 is an isomorphism of graded
braided bialgebras. This means that P ≤ K⊕V ⊕V ⊗2 is of PBW type in the sense
of [BG℄. By [BG, Theorem 0.5℄, P is of PBW if and only if
P ∩ T≤1 = 0;(3.4) (
T≤1 · P · T≤1) ∩ T≤2 = P.(3.5)
Let us prove that (3.4) is always true. Let γ := IdV ⊗2−β : E2 (V, c)→ V ⊕V ⊗2.
Then Im (γ) =
(
1− β) (E2 (V, c)) = P. Let y ∈ P ∩ T≤1. Then y = γ (x) for some
x ∈ E2 (V, c) so that
K ⊕ V = T≤1 ∋ y = (Id− β) (x) = x− β (x) ∈ V ⊗2 ⊕ V.
Thus x = 0 and hene y = γ (x) = 0 so that (3.4) is always true. Let us hek that
(3.5) is equivalent to (3.2) and (3.3). We have
P =
(
Id− β) [E2 (V, c)] = {x− β (x) p x ∈ E2 (V, c)} .
The onlusion follows by applying [BG, Lemma 3.3℄ to the ase α = b and β =
0. 
Theorem 3.11. Let (V, c, b) be a braided Lie algebra suh that B (V, c) is a quadrati
algebra. Then
(
V, c, b2
)
is a QLie algebra and U (V, c, b) = UQ
(
V, c, b2
)
.
Proof. By denition
U (V, c, b) :=
T (V, c)
((Id− b) [E (V, c)]) and UQ
(
V, c, b2
)
:=
T (V, c)
((Id− b2) [E2 (V, c)]) .
Sine
(
Id− b2) [E2 (V, c)] ⊆ (Id− b) [E (V, c)] , there is a braided bialgebra homo-
morphism pi : UQ
(
V, c, b2
)→ U (V, c, b) whih is surjetive and suh that pi ◦ iUQ =
iU . By Denition 2.11, we have that iU is injetive so that iUQ is injetive too.
Clearly b2 : E2 (V, c) → V is a Qbraket. Hene, by Theorem 3.9, iUQ : V →
UQ (V, c, b) indues an isomorphism between V and P (UQ (V, c, b)) . Thus, by [Mo,
Lemma 5.3.3℄, pi is injetive being injetive its restrition to P (UQ (V, c, b)). In
other words, U (V, c, b) = UQ
(
V, c, b2
)
. By Theorem 3.10,
(
V, c, b2
)
is a QLie alge-
bra. 
3.2. Lifted quadrati Lie algebras. We will see that the notion of quadrati Lie
algebra naturally leads to the equivalent notion of lifted quadrati Lie algebra.
Denition 3.12. A lifted quadrati Lie algebra (lifted QLie algebra for short)
is a tern (V, c, β) where
• (V, c) is a braided vetor spae;
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• β : V ⊗ V → V is a map suh that
cβ1 = β2c1c2, cβ2 = β1c2c1,(3.6)
β (β1 − β2)
(
E2 (V, c)
)
= 0,(3.7)
βc = −β,(3.8)
where
E2 (V, c) = (E2 (V, c)⊗ V ) ∩ (V ⊗ E2 (V, c)) =
{
z ∈ V ⊗3 | c1 (z) = −z = c2 (z)
}
.
Lemma 3.13. Let W be a vetor spae and let c ∈ End (W ) . Assume there are
α, β ∈ K [X ] be suh that α (c) ◦ β (c) = 0 and gcd (α, β) = 1. Then
i) Im (α (c)) = ker (β (c)) ;
ii) Im (α (c))⊕ Im (β (c)) =W.
Proof. Sine GCD(α, β) = 1, there are α′, β′ ∈ K [X ] suh that α′α+ β′β = 1.
i) Clearly Im (α (c)) ⊆ ker (β (c)) . Let z ∈ ker (β (c)) . Then
z = (α′ (c) ◦ α (c) + β′ (c) ◦ β (c)) (z) = α (c) [α′ (c) (z)] ∈ Im (α (c)) .
ii) From αα′+ββ′ = 1 we dedue Im (α (c))+Im (β (c)) =W. Let w ∈ Im (α (c))∩
Im (β (c)) . Then w = α (c) (z) for some z ∈W, whene
z = α′ (c)α (c) (z) + β (c)β′ (c) (z) = α′ (c) (w) + β (c)β′ (c) (z) ∈ Im (β (c)) .
Thus w = α (c) (z) = 0 as α (c) ◦ β (c) = 0. 
Notation 3.14. Let (V, c) be a braided vetor spae and assume that c is root of a
polynomial f ∈ K [X ] having −1 as a simple root. In this ase we will write
f = (X + 1)h
where h ∈ K [X ]. Note that gcd (X + 1, h) = 1 as h (−1) 6= 0.
Lemma 3.15. Let (V, c) be a braided vetor spae. Assume that c is root of a
polynomial f ∈ K [X ] having −1 as a simple root.
Then, the assignment β 7→ βh (c) yields a bijetion between the following sets.
• B = {β : E2 (V, c)→ V | (V, c, β) is a QLie algebra}.
• B = {β : V ⊗ V → V | (V, c, β) is a lifted QLie algebra} .
Proof. Let β ∈ B. Sine, by Lemma 3.13, E2 (V, c) = Im (h (c)) , it makes sense
to dene β : V ⊗ V → V, β (z) = βh (c) (z) . Let us hek that β ∈ B. For every
z ∈ V ⊗3, we have
cβ1 (z) = cβ1h (c)1 (z)
(3.1)
= β2cE2(V,c),V h (c)1 (z) = β2c1c2h (c)1 (z)
(2.1)
= β2c1c2 (z) .
In a similar way one proves that cβ2 = β1c2c1 holds. Let z ∈ E2 (V, c). We have
β (β1 − β2) (z) = βh (c)
(
β1h (c)1 − β2h (c)2
)
(z)
= h (−1)βh (c) (β1 − β2) (z)
(3.2)
= h (−1)2 β (β1 − β2) (z)
(3.3)
= 0.
Let z ∈ V ⊗2, we have
β (c+ IdV ⊗2) (z) = βh (c) (c+ IdV ⊗2) (z) = βf (c) (z) = 0.
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Hene it makes sense to dene ϕ : B → B,ϕ (β) = β.
Conversely, let β ∈ B. Sine, by Lemma 3.13, Im (c+ 1) = ker (h (c)) , from
(3.8) we get that there is a unique map β : Im (h (c)) = E2 (V, c) → V suh that
βh (c) = β.
Sine gcd (h,X + 1) = 1, there are r, s ∈ K [X ] suh that 1 = hr + s (X + 1) .
Let z ∈ E2 (V, c)⊗ V = ker (c1 + IdV ⊗3) . We have
cβ1 (z) = cβ1 [h (c)1 r (c)1 + s (c)1 (c1 + IdV ⊗3)] (z)
= cβ1h (c)1 r (c)1 (z) = cβ1r (c)1 (z)
(3.6)
= β2c1c2r (c)1 (z)
= β2h (c)2 c1c2r (c)1 (z)
(2.1)
= β2c1c2h (c)1 r (c)1 (z)
= β2c1c2 [h (c)1 r (c)1 + s (c)1 (c1 + IdV ⊗3)] (z) = β2c1c2 (z)
= β2cE2(V,c),V (z)
Similarly one proves that cβ2 = β1cV,E2(V,c). Let z ∈ E2 (V, c). We have
0
(3.7)
= β (β1 − β2) (z)
= βh (c)
(
β1h (c)1 − β2h (c)2
)
(z)
= h (−1)βh (c) (β1 − β2) (z)
(3.2)
= h (−1)2 β (β1 − β2) (z) .
Sine h (−1) 6= 0, we get β (β1 − β2) (z) = 0. Hene it makes sense to dene
ψ : B → B,ψ (β) = β. The uniqueness of β implies that ϕ and ψ are mutual
inverses. 
Remark 3.16. With notations of Lemma 3.15, if β ∈ B, we have
UQ
(
V, c, β
)
=
T (V, c)((
Id− β) [E2 (V, c)])
=
T (V, c)((
Id− β)h (c) (z) | z ∈ V ⊗2)
=
T (V, c)
(h (c) (z)− β (z) | z ∈ V ⊗2) .
Denition 3.17. The previous remark justies the following notation:
UQ (V, c, β) :=
T (V, c)
(h (c) (z)− β (z) | z ∈ V ⊗2) .
Theorem 3.18. Let A be a primitively generated onneted braided bialgebra and
let (P, c) be the braided vetor spae of primitive elements of A. Assume that the
Nihols algebra B (P, c) is a quadrati algebra. We have that
1) if β is the restrition of mA to E2(P, c), then
(
P, c, β
)
is a QLie algebra
and A is isomorphi to the universal enveloping algebra UQ(P, c, β);
2) if c is root of a polynomial f ∈ K [X ] of the form f = (X + 1)h where
h(−1) 6= 0 and β = mAh(c), then (P, c, β) is a lifted QLie algebra and A is
isomorphi to the universal enveloping algebra UQ (V, c, β).
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Proof. 1) Let (P, c, b) be the innitesimal braided Lie algebra of A. Then, by [Ar,
Theorems 9.3 and 6.5℄, we have that A is isomorphi to the universal enveloping
algebra U(P, c, b) as a braided bialgebra, where b(z) = mt−1A (z) for all z ∈ Et(P, c).
Set β := b2. Then β is the restrition of mA to E2(P, c). By Theorem 3.11,
(
P, c, β
)
is a QLie algebra and U (P, c, b) = UQ
(
P, c, β
)
.
2) By 1) and Lemma 3.15, we an onsider the lifted QLie algebra (V, c, β) where
β = βh(c). By Remark 3.16, UQ
(
P, c, β
)
= UQ (V, c, β). 
Lemma 3.19. Let (V, c) be a braided vetor spae and let β : V ⊗V → V satisfying
(3.6) and (3.8). Then
β (β1 + β2)
(
E2 (V, c)
)
= 0.
Therefore, if char (K) = 2 then (3.7) holds whene (V, c, β) is a lifted QLie algebra.
If char (K) 6= 2, then (3.7) holds if and only if ββ1
(
E2 (V, c)
)
= 0 if and only if
ββ2
(
E2 (V, c)
)
= 0.
Proof. Let z ∈ E2 (V, c). Then
ββ1 (z) = ββ1c2c1 (z)
(3.6)
= βcβ2 (z)
(3.8)
= −ββ2 (z) .

3.3. Categorial subspaes.
Denition 3.20. [Kh, 2.2℄ A subspae L of a braided vetor spae (V, c) is said to
be ategorial if
(3.9) c (L⊗ V ) ⊆ V ⊗ L and c (V ⊗ L) ⊆ L⊗ V.
Lemma 3.21. Let (V, c) be a braided vetor spae and let β : V ⊗ V → V be suh
that (3.6) holds. Then L = Im (β) is a ategorial subspae of V . Furthermore,
if (V, c, β) is a lifted QLie algebra, then (L, cL, βL) is a lifted QLie subalgebra of
(V, c, β) where cL and βL are the obvious restritions of c and β respetively.
Proof. We have that
cβ1 = β2c1c2 ⇒ c (L⊗ V ) ⊆ V ⊗ L,
cβ2 = β1c2c1 ⇒ c (V ⊗ L) ⊆ L⊗ V.
Assume that (V, c, β) is a lifted QLie algebra. Then, by the foregoing c (L⊗ L) ⊆
L⊗ L so that cL : L⊗ L→ L⊗ L is well dened. The onlusion follows. 
Proposition 3.22. Let
(
V, c, β
)
be a QLie algebra with V nite dimensional. Then
c has a minimal polynomial f . Moreover if f (−1) 6= 0 then UQ
(
V, c, β
)
= T (V, c) .
Proof. The rst part is lear. Assume f (−1) 6= 0. Then gcd (f,X + 1) = 1 so that
c+IdV ⊗2 is invertible by Bézout identity. Therefore E2 (V, c) = ker (c+ IdV ⊗2) = 0
whene UQ
(
V, c, β
)
= T (V, c). 
Next proposition will be used to normalize β if neessary.
Proposition 3.23. Let (V, c, β) be a lifted QLie algebra and let λ ∈ K. Then
(V, c, λβ) is a lifted QLie algebra. Moreover λIdV : (V, c, λβ) → (V, c, β) is a
morphism of lifted QLie algebras whih is an isomorphism whenever λ 6= 0.
Proof. It is straightforward. 
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4. Low dimensional ases
The main aim of this setion is to lassify lifted QLie algebras (V, c, β) suh
that dim (V ) ≤ 2 and β 6= 0, under mild assumptions. We will omplete the
lassiation in ase dim (Imβ) = 1. The ase dim (Imβ) = 2 will be partially
treated in the Appendix A.
4.1. Dimension 1. In this subsetion we treat the ase dim (V ) = 1.
Proposition 4.1. Assume char (K) 6= 2 and let (V, c, β) be a one dimensional
lifted QLie algebra. Then β = 0.
Proof. Let V = Kx. Then β (x⊗ x) = λx for some λ ∈ K. Assume λ 6= 0. Now
c (x⊗ x) = γx⊗ x for some γ ∈ K. We have
−λx = −β (x⊗ x) (3.8)= βc (x⊗ x) = γβ (x⊗ x) = γλx.
From this we get λ (γ + 1) = 0 whih implies γ = −1 whene c = −IdV ⊗2 . Then,
from (3.6), we have −β1 = β2 whih implies
−λx⊗ x = −β1 (x⊗ x⊗ x) = β2 (x⊗ x⊗ x) = λx⊗ x.
Sine char (K) 6= 2, we get λ = 0, a ontradition. 
4.2. Dimension 2. In this subsetion we treat the ase dim (V ) = 2.
Corollary 4.2. Assume char (K) 6= 2 and let (V, c, β) be a lifted QLie algebra. If
L := Imβ is one dimensional, then β (L⊗ L) = 0.
Proof. By Lemma 3.21, (L, cL, βL) is a lifted QLie subalgebra of (V, c, β) . By Propo-
sition 4.1, we have βL = 0. 
Now we introdue some notation that will be needed afterwards.
Notation 4.3. We take the following assumtions and notations.
• K is a eld suh that char (K) 6= 2.
• (V, c) is a two dimensional braided vetor spae. Chosen a basis x1, x2 for
V and taken x1 ⊗ x1, x2 ⊗ x1, x1 ⊗ x2, x2 ⊗ x2 as a basis fo V ⊗ V , we will
write
c =


c1111 c
21
11 c
12
11 c
22
11
c1121 c
21
21 c
12
21 c
22
21
c1112 c
21
12 c
12
12 c
22
12
c1122 c
21
22 c
12
22 c
22
22

 .
i.e. c (xi ⊗ xj) = cij11x1 ⊗ x1 + cij21x2 ⊗ x1 + cij12x1 ⊗ x2 + cij22x2 ⊗ x2.
• β : V ⊗V → V is a nonzero map suh that (V, c, β) is a lifted QLie algebra.
With the same basis as above we will write
β =
(
β111 β
21
1 β
12
1 β
22
1
β112 β
21
2 β
12
2 β
22
2
)
i.e. β (xi ⊗ xj) = βij1 x1 + βij2 x2.
• c has minimal polynomial f ∈ K [X ] of the form f = (X + 1)h for some
h ∈ K [X ] suh that h (−1) 6= 0.
Inside the proof of next result, several omputations have been handled with the
help of the Computer Algebra System AXIOM [AX℄.
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Theorem 4.4. Assume dim (Imβ) = 1. Then, there exist a basis x1, x2 for V and
γ ∈ K suh that c, β, UQ (V, c, β) and f take only one of the anonial forms (up
to an isomorphism of lifted QLie algebras) in Table 1. Moreover, if c and β are as
in any of the ases of Table 1, then (V, c, β) is a lifted QLie algebra.
f c β UQ (V, c, β) γ
X2 − 1
0
BB@
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
1
CCA
„
0 1 −1 0
0 0 0 0
«
T (V,c)
(x2x1−x1x2+x1)
X2 − 1
0
BB@
1 1 −1 0
0 0 1 0
0 1 0 0
0 0 0 1
1
CCA
„
0 1 −1 0
0 0 0 0
«
T (V,c)
((x1)2−x2x1+x1x2−x1)
X2 − 1
0
BB@
−1 0 0 γ
0 0 1 0
0 1 0 0
0 0 0 1
1
CCA
„
0 1 −1 0
0 0 0 0
«
T (V,c)0
@ (x1)
2,
x2x1−x1x2+x1
1
A
0, 1 or√
γ /∈ K
X2 − 1
0
BB@
1 0 0 γ
0 0 1 0
0 1 0 0
0 0 0 −1
1
CCA
„
0 0 0 1
0 0 0 0
«
T (V,c)0
@ x2x1−x1x2,
γ(x1)
2
−2(x2)
2
−x1
1
A
0, 1 or√
γ /∈ K
(X2 − 1)X
0
BB@
0 1 0 0
0 0 1 0
0 1 0 0
0 0 0 1
1
CCA
„
0 1 −1 0
0 0 0 0
«
T (V,c)
((x1)2−x2x1+x1x2+x1)
(X2 − 1)X
0
BB@
0 0 0 0
0 0 γ 0
0 γ−1 0 0
0 0 0 1
1
CCA
„
0 1 −γ 0
0 0 0 0
«
T (V,c)
(−γx2x1+x1x2+γx1)
γ 6= 0, 1
(X2 − 1)(X − γ)
0
BB@
γ 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
1
CCA
„
0 1 −1 0
0 0 0 0
«
T (V,c)`
(1+γ)(x2x1−x1x2)−x1
´ γ 6= ±1
(X2 − 1)(X − 1)
0
BB@
1 0 0 γ
0 0 1 0
0 1 0 0
0 0 0 1
1
CCA
„
0 1 −1 0
0 0 0 0
«
T (V,c)`
2(x2x1−x1x2)−x1
´ 1 or√
γ /∈ K
Table 1. Lifted two dimensional QLie algebras with dim (Imβ) = 1.
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Remark 4.5. The rst ase is the unique ordinary two-dimensional Lie algebra in
char (K) 6= 2.
Proof. First we will show that we an redue to one of the ases in Table 1.
By hypothesis dim (Imβ) = 1. Choose x1 ∈ V suh that L := Imβ = Kx1.
Complete x1 to a basis x1, x2 of V. By Lemma 3.21, L is a ategorial subspae of
V so that c (L⊗ V ) ⊆ V ⊗L, c (V ⊗ L) ⊆ L⊗ V and c (L⊗ L) ⊆ L⊗L. Moreover,
by Corollary 4.2, we have β111 = 0. These fats imply that c and β take the following
form:
(4.1) c =


c1111 c
21
11 c
12
11 c
22
11
0 0 c1221 c
22
21
0 c2112 0 c
22
12
0 0 0 c2222

 , β =
(
0 β21 β12 β22
0 0 0 0
)
.
We need the following result.
Lemma 4.6. We have −β21 = β12c2112 and −β12 = c1221β21. Moreover, if c1111 6= 0,
then β21 + β12 = 0.
Proof. We have
−β21x1 (4.1)= −β (x2 ⊗ x1) (3.8)= βc (x2 ⊗ x1) (4.1)= c2112β12x1,
−β12x1 (4.1)= −β (x1 ⊗ x2) (3.8)= βc (x1 ⊗ x2) (4.1)= c1221β21x1
so that −β21 = β12c2112 and −β12 = c1221β21. Moreover
β12c1111c
21
12x1 ⊗ x1
(4.1)
= β2c1c2 (x1 ⊗ x2 ⊗ x1)
(3.6)
= cβ1 (x1 ⊗ x2 ⊗ x1)
(4.1)
= c1111β
12x1 ⊗ x1.
If c1111 6= 0, we get β12c2112 = β12. 
CASE 1) Assume c1111 6= 0.
By Lemma 4.6, c and β take the following form:
(4.2) c =


c1111 c
21
11 c
12
11 c
22
11
0 0 c1221 c
22
21
0 c2112 0 c
22
12
0 0 0 c2222

 , β =
(
0 β21 −β21 β22
0 0 0 0
)
.
CASE 1.1) Assume β21 = 0. Then, sine dim (Imβ) = 1, we have β22 6= 0 so that,
by Proposition 3.23, we an assume β22 = 1.
Using (3.8), we get c2222 = −1.
Using the left-hand side of (3.6), we get c1221 = 1.
Using the right-hand side of (3.6), we get c1111 = 1, c
21
12 = 1, c
21
11 = 0.
Using the left-hand side of (3.6), we get c1211 = 0.
Using (2.1), we get c2212 = c
22
21. In onlusion we have
(4.3) c =


1 0 0 c2211
0 0 1 c2221
0 1 0 c2221
0 0 0 −1

 , β =
(
0 0 0 1
0 0 0 0
)
.
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With the basis hange in V given by x1 = tx
′
1, x2 = c
22
21x
′
1/2 + x
′
2 we arrive at
c =


1 0 0 t2g
0 0 1 0
0 1 0 0
0 0 0 −1

 , β =
(
0 0 0 1
0 0 0 0
)
.
for g =
(
c2221
)2
/2+c2211. Hene we are in the fourth ase in Table 1. In fat, if g 6= 0, 1
and
√
g ∈ K then one an hoose t = 1/√g. Otherwise hoose t = 1 and γ = g.
CASE 1.2) Assume β21 6= 0. Then, by Proposition 3.23, we an assume β21 = 1.
Using (3.8), we get c2112 = 1 = c
12
21.
Using the left-hand side of (3.6), we get c2212 = 0, c
22
22 = 1.
Using the right-hand side of (3.6), we get c2221 = 0.
Using (3.8), we get β22 = 0. In onlusion we have
(4.4) c =


c1111 c
21
11 c
12
11 c
22
11
0 0 1 0
0 1 0 0
0 0 0 1

 , β =
(
0 1 −1 0
0 0 0 0
)
.
We point out that c and β as in (4.4) always fulll (3.8) and (3.6).
CASE 1.2.1) Assume c2111 6= c1211.
Using (2.1), we get c2211 = 0, c
11
11 = 1, c
12
11 = −c2111 (this implies c2111 6= 0 by assump-
tion).
With the basis hange in V given by x1 = x
′
1/c
21
11, x2 = x
′
2 we arrive at the seond
ase in Table 1.
CASE 1.2.2) Assume c2111 = c
12
11.
CASE 1.2.2.1) Assume c1111 = 1.
Using (2.1), we get c2111 = 0.
CASE 1.2.2.1.1) If c2211 = 0, we are in the rst ase in Table 1.
CASE 1.2.2.1.2) If c2211 6= 0, we are in the eighth ase in Table 1. In fat, if c2211 6= 1
and
√
c2211 ∈ K then, with the basis hange in V given by x1 = x′1/
√
c2211, x2 = x
′
2,
we an redue to the ase c2211 = 1.
CASE 1.2.2.2) Assume c1111 = −1.
With the basis hange in V given by x1 = x
′
1, x2 = −x′1c2111/2 + x′2, we an
redue to the ase c2111 = c
12
11 = 0. Now we are in the third ase in Table 1. In
fat, if c2211 6= 0, 1 and
√
c2211 ∈ K then, with the basis hange in V given by x1 =
x′1/
√
c2211, x2 = x
′
2, we an redue to the ase c
22
11 = 1.
CASE 1.2.2.3) Assume c1111 6= ±1. Using (2.1), we get c2211 =
(
c2111
)2
/
(
c1111 − 1
)
.
With the basis hange in V given by x1 =
(
c1111 − 1
)
x′1, x2 = x
′
1c
21
11 + x
′
2 we redue
to the seventh ase in Table 1.
CASE 2) Assume c1111 = 0. By Lemma 4.6, we have
(4.5) β12 = 0⇔ β21 = 0.
CASE 2.1) c2222 6= 1. Let us prove that this ase does not our.
CASE 2.1.1) β21 = 0. By (4.5) we get β12 = 0. In this ase, sine dim (Imβ) = 1,
by Proposition 3.23, we an assume β22 = 1.
Using (3.8), we get c2222 = −1.
Using the left-hand side of (3.6), we get c2112 = 0 and c
12
21 = 1.
Using the right-hand side of (3.6), we get a ontradition.
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CASE 2.1.2) β21 6= 0. By Proposition 3.23, we an assume β21 = 1.
Using the left-hand side of (3.6), we get c1221 = 0.
Using (3.8), we get a ontradition.
CASE 2.2) c2222 = 1.
CASE 2.2.1) β22 6= 0. By Proposition 3.23, we an assume β22 = 1.
Using (3.8) and (4.5) we obtain β21 6= 0 and β12 6= 0.
CASE 2.2.1.1) β12 = −β21.
Using (3.8), we get c2112 = 1 = c
12
21.
Using the left-hand side of (3.6), we get a ontradition.
CASE 2.2.1.2) β12 + β21 6= 0.
With the basis hange in V given by x1 = β
12β21
(
β12 + β21
)
x′1, x2 = β
12β21x′1+
x′2 we redue to the following CASE 2.2.2).
CASE 2.2.2) β22 = 0. By Proposition 3.23, we an assume β21 = 1.
CASE 2.2.2.1) β12 = −1.
Using (3.8), we get c2112 = 1 = c
12
21 and c
22
21 = c
22
12.
Using the left-hand side of (3.6), we get c2212 = 0.
Using (2.1), we get c2211 = −c1211c2111.
CASE 2.2.2.1.1) c1211 = c
21
11. With the basis hange in V given by x1 = x
′
1, x2 =
−x′1c2111 + x′2 we redue to the seventh ase in Table 1 for γ = 0.
CASE 2.2.2.1.2) c1211 6= c2111. With the basis hange in V given by
x1 = x
′
1/
(
c2111 − c1211
)
x2 = −x′1c1211/
(
c2111 − c1211
)
+ x′2
we are in the fth ase in Table 1.
CASE 2.2.2.2) β12 6= −1.
Using (3.8), we get c2112 6= 0.
Using the left-hand side of (3.6), we get c2111 = 0 = c
22
21.
Using (3.8) and (4.5), we get c2212 = 0 and hene c
12
21 = −β12 6= 0.
Using the right-hand side of (3.6), we get c1211 = 0.
Using (2.1) and c2112 6= 0, we get c2211 = 0.
Using (3.8), we land in the sixth ase in Table 1.
We have so proved that there exists a basis x1, x2 for V and γ ∈ K suh that
c, β and f take one of the anonial forms (up to an isomorphism of lifted QLie
algebras) in Table 1. One easily heks that the minimal polynomials are those
listed.
Let us hek that the braided vetor spaes in Table 1 are not mutual isomorphi.
Clearly if the minimal polynomials are dierent, the orresponding braided vetor
spaes an not be isomorphi.
Consider a generi basis hange α : V → V given by x1 = a1,1x′1 + a2,1x′2, x2 =
a1,2x
′
1 + a2,2x
′
2 hene
α =
(
a1,1 a1,2
a2,1 a2,2
)
.
Denote by c′ and β′ the matries orresponding to c and β in the new basis. Note
that c′ = (α⊗ α) ◦ c ◦ (α−1 ⊗ α−1) and β′ = α ◦ β ◦ (α−1 ⊗ α−1) .
Case A) β is as in the fourth ase in Table 1.
Then β′ has zero lower row if and only if a2,1 = 0. This ondition implies
β′ =
(
0 0 0 a1,1/ (a2,2)
2
0 0 0 0
)
.
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Hene the fourth ase in Table 1 is not isomorphi to any other.
Case B) β is as in the sixth ase in Table 1.
Sine γ 6= 1 and α is invertible, then β′ has zero lower row if and only if a2,1 = 0.
This ondition implies
β′ =
(
0 1/a2,2 −γ/a2,2 a1,2 (γ − 1) / (a2,2)2
0 0 0 0
)
.
Hene, sine γ 6= 1, the sixth ase in Table 1 is not isomorphi to any other.
Case C) β is of the form
β =
(
0 1 −1 0
0 0 0 0
)
.
Then β′ takes the same form if and only if a2,1 = 0 and a2,2 = 1. Let c be one of
the braiding orresponding to β as in Table 1. Then c and c′ take the form
c =


x y w z
0 0 1 0
0 1 0 0
0 0 0 1

 and c′ =


x y′ w′ z′
0 0 1 0
0 1 0 0
0 0 0 1


where
y′ = a1,1y + a1,2 (1− x) ,
w′ = a1,1w + a1,2 (1− x) ,
z′ = (a1,1)
2
z − a1,1a1,2y − a1,1a1,2w − (a1,2)2 (1− x) .
Clearly eah of the rst, the third, the fth and the seventh ase in Table 1 is
only autoisomorphi.
Finally, the invariane of the minimal polynomial shows that the seond and the
eighth ases in Table 1 are only autoisomorphi too.
Let us prove that, if c and β are as in any of the ases of Table 1, then (V, c, β)
is a lifted QLie algebra. It is straightforward to hek that all of them fullls
(2.1), (3.8) and (3.6). It remains to prove that they verify also (3.7) i.e. that
β (β1 − β2)
(
E2 (V, c)
)
= 0.
If c and β are as in the rst ase of Table 1, then
E2 (V, c) = Im (c− IdV ⊗2) = K (x2 ⊗ x1 − x1 ⊗ x2)
so that E2 (V, c) = 0 whene (3.7) is satised. We have
UQ (V, c, β) :=
T (V, c)
((c− IdV ⊗2) (z)− β (z) | z ∈ V ⊗2)
=
T (V, c)
(x2x1 − x1x2 + x1) .
If c and β are as in the seond ase of Table 1, then
E2 (V, c) = Im (c− IdV ⊗2) = K (x1 ⊗ x1 − x2 ⊗ x1 + x1 ⊗ x2)
so that E2 (V, c) = 0 whene (3.7) is satised. We have
UQ (V, c, β) :=
T (V, c)
((c− IdV ⊗2) (z)− β (z) | z ∈ V ⊗2)
=
T (V, c)(
(x1)
2
+ x1x2 − x2x1 − x1
) .
If c and β are as in the third ase of Table 1, then
E2 (V, c) = Im (c− IdV ⊗2) = Kx1 ⊗ x1 ⊕K (x2 ⊗ x1 − x1 ⊗ x2)
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so that E2 (V, c) = Kx1⊗x1⊗x1. We have that β1
(
E2 (V, c)
)
= 0 = β2
(
E2 (V, c)
)
,
so that (3.7) is satised. We have
UQ (V, c, β) :=
T (V, c)
((c− IdV ⊗2) (z)− β (z) | z ∈ V ⊗2)
=
T (V, c)(
(x1)
2
,
x2x1 − x1x2 + x1
) .
If c and β are as in the fourth ase of Table 1, then
E2 (V, c) = Im (c− IdV ⊗2) = K (γx1 ⊗ x1 − 2x2 ⊗ x2)⊕K (x2 ⊗ x1 − x1 ⊗ x2) .
We have β (β1 − β2) = 0 so that (3.7) is satised. We have
UQ (V, c, β) :=
T (V, c)
((c− IdV ⊗2) (z)− β (z) | z ∈ V ⊗2)
=
T (V, c)(
x2x1 − x1x2,
γ (x1)
2 − 2 (x2)2 − x1
) .
If c and β are as in the fth ase of Table 1, then
E2 (V, c) = Im
(
c2 − c) = K (x1 ⊗ x1 − x2 ⊗ x1 + x1 ⊗ x2)
so that E2 (V, c) = 0 whene (3.7) is satised. We have
UQ (V, c, β) :=
T (V, c)
((c2 − c) (z)− β (z) | z ∈ V ⊗2) =
T (V, c)(
(x1)
2 − x2x1 + x1x2 + x1
) .
If c and β are as in the sixth ase of Table 1, then
E2 (V, c) = Im
(
c2 − c) = K (γx2 ⊗ x1 − x1 ⊗ x2)
so that E2 (V, c) = 0 whene (3.7) is satised. We have
UQ (V, c, β) :=
T (V, c)
((c2 − c) (z)− β (z) | z ∈ V ⊗2) =
T (V, c)
(−γx2x1 + x1x2 + γx1) .
If c and β are as in the seventh ase of Table 1, then
E2 (V, c) = Im ((c− IdV ⊗2) (c− γIdV ⊗2)) = K (x2 ⊗ x1 − x1 ⊗ x2)
so that E2 (V, c) = 0 whene (3.7) is satised. We have
UQ (V, c, β) :=
T (V, c)
((c− IdV ⊗2) (c− γIdV ⊗2) (z)− β (z) | z ∈ V ⊗2)
=
T (V, c)
((1 + γ) (x2x1 − x1x2)− x1) .
If c and β are as in the eighth ase of Table 1, then
E2 (V, c) = Im
(
(c− IdV ⊗2)2
)
.
Now E2 (V, c) = K (x2 ⊗ x1 − x1 ⊗ x2) so that E2 (V, c) = 0 whene (3.7) is satis-
ed. We have
UQ (V, c, β) :=
T (V, c)(
(c− IdV ⊗2)2 (z)− β (z) | z ∈ V ⊗2
)
=
T (V, c)(
2 (x2x1 − x1x2)− x1
) .

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Next result is useful in onjuntion with Theorem 3.9.
Theorem 4.7. Let (V, c) be any braided vetor spae as in Table 1. Then:
• in all ases but 7 one has SQ (V, c) = B (V, c) if and only if char(K) = 0;
• in ase 7 one has SQ (V, c) = B (V, c) if and only if char(K) = 0 and γ is
not a root of unity.
Proof. Let S0 := SQ(V, c0) where c0 is the anonial ip map and set ∆0 := ∆S0 .
Set S := SQ (V, c). First note that S = B (V, c) if and only if P (S) = Kx1 +Kx2.
Suppose char(K) = 0. Then, by [AMS1, Theorem 2.17℄, for (V, c) as in the ases
1,2,3 and 4 of Table 1, we get S = B (V, c).
Let us onern the ases 5, 6 and 7 of Table 1. Then c has matrix of the form

q1 q 0 0
0 0 q12 0
0 q21 0 0
0 0 0 q2


where q21 = q
−1
12 and q2 = 1. Then
∆(xni ) =
∑
0≤t≤n
(
n
t
)
qi
(
xti ⊗ xn−ti
)
so that
∆(xn11 x
n2
2 )
= ∆ (xn11 )∆ (x
n2
2 )
=
∑
0 ≤ t1 ≤ n1
0 ≤ t2 ≤ n2
(
n1
t1
)
q1
(
n2
t2
)
q2
(
xt11 ⊗ xn1−t11
) (
xt22 ⊗ xn2−t22
)
=
∑
0 ≤ t1 ≤ n1
0 ≤ t2 ≤ n2
(
n1
t1
)
q1
(
n2
t2
)
q2
xt11 c
(
xn1−t11 ⊗ xt22
)
xn2−t22
=
∑
0 ≤ t1 ≤ n1
0 ≤ t2 ≤ n2
(
n1
t1
)
q1
(
n2
t2
)
q2
q
(n1−t1)t2
12 x
t1
1
(
xt22 ⊗ xn1−t11
)
xn2−t22
=
∑
0 ≤ t1 ≤ n1
0 ≤ t2 ≤ n2
(
n1
t1
)
q1
(
n2
t2
)
q2
q
(n1−t1)t2
12 x
t1
1 x
t2
2 ⊗ xn1−t11 xn2−t22
so that
∆(xn11 x
n2
2 ) =
∑
0 ≤ t1 ≤ n1
0 ≤ t2 ≤ n2
(
n1
t1
)
q1
(
n2
t2
)
q2
q
(n1−t1)t2
12 x
t1
1 x
t2
2 ⊗ xn1−t11 xn2−t22 .
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Let n > 1 and z ∈ P (S) ∩ Sn. Then
z =
∑
0 ≤ n1, n2
n1 + n2 = n
λn1,n2x
n1
1 x
n2
2 .
Then z ⊗ 1 + 1⊗ z = ∆(z) rewrites as∑
0 ≤ n1, n2
n1 + n2 = n
λn1,n2x
n1
1 x
n2
2 ⊗ 1 + 1⊗
∑
0 ≤ n1, n2
n1 + n2 = n
λn1,n2x
n1
1 x
n2
2
=
∑
0 ≤ n1, n2
n1 + n2 = n
0 ≤ t1 ≤ n1
0 ≤ t2 ≤ n2
λn1,n2
(
n1
t1
)
q1
(
n2
t2
)
q2
q
(n1−t1)t2
12 x
t1
1 x
t2
2 ⊗ xn1−t11 xn2−t22 .
Sine n > 1 we an always nd a ouple (t1, t2) 6= (0, 0) , (n1, n2) so that we get
λn1,n2
(
n1
t1
)
q1
(
n2
t2
)
q2
q
(n1−t1)t2
12 = 0.
Sine char(K) = 0 and in ase 7 one has that γ is not root of unity, we get
λn1,n2 = 0. Hene z = 0. We have so proved that P (S) ∩ Sn = {0} for all n > 1.
Hene P (S) = Kx1 +Kx2 so that S = B (V, c).
Let us onsider the eighth ase of Table 1. Let us prove indutively that
(4.6) c (x2 ⊗ xn2 ) = xn2 ⊗ x2 + nγx1xn−12 ⊗ x1.
For n = 0 there is nothing to prove. For n > 0 we have
c
(
x2 ⊗ xn+12
)
= c (x2 ⊗ x2xn2 )
= (m⊗ S) (S ⊗ c) (c⊗ S) (x2 ⊗ x2 ⊗ xn2 )
= x2c (x2 ⊗ xn2 ) + γx1c (x1 ⊗ xn2 )
= xn+12 ⊗ x2 + nγx2x1xn−12 ⊗ x1 + γx1xn2 ⊗ x1
= xn+12 ⊗ x2 + (n+ 1)γx1xn2 ⊗ x1.
For n ≥ 0, let us prove there exist αt(n) ∈ K suh that
∆(xn2 ) =
∑
0≤t
αt(n)γ
t
(
xt1 ⊗ xt1
)
∆0
(
xn−2t2
)
where we assume xt2 := 0 for t < 0.
For n = 0 we get αt(0) = δt,0. For n = 1, one easily get αt(1) = δt,0. Let n > 1
and assume the statement is true for n. First we ompute
(1⊗ x2)∆0 (xm2 ) =
∑
0≤i≤m
(
m
i
)
(1⊗ x2)
(
xi2 ⊗ xm−i2
)
=
∑
0≤i≤m
(
m
i
)
c
(
x2 ⊗ xi2
)
xm−i2
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(4.6)
=
∑
0≤i≤m
(
m
i
)(
xi2 ⊗ xm+1−i2 + iγx1xi−12 ⊗ x1xm−i2
)
=
∑
0≤i≤m
(
m
i
)
xi2 ⊗ xm+1−i2 +
+γ
∑
0≤i≤m
(
m
i
)
ix1x
i−1
2 ⊗ x1xm−i2
= (1⊗ x2) ·S0⊗S0 ∆0 (xm2 ) +
+γ (x1 ⊗ x1)
∑
1≤i≤m
(
m
i
)
ixi−12 ⊗ xm−i2
= (1⊗ x2) ·S0⊗S0 ∆0 (xm2 ) +mγ (x1 ⊗ x1)∆0
(
xm−12
)
so that
(4.7) (1⊗ x2)∆0 (xm2 ) = (1⊗ x2) ·S0⊗S0 ∆0 (xm2 ) +mγ (x1 ⊗ x1)∆0
(
xm−12
)
.
We have
∆xn+12
= (∆x2) (∆x
n
2 )
= (x2 ⊗ 1 + 1⊗ x2)

∑
0≤t
αt(n)γ
t
(
xt1 ⊗ xt1
)
∆0
(
xn−2t2
)
=
( ∑
0≤t αt(n)γ
t (x2 ⊗ 1) (xt1 ⊗ xt1)∆0
(
xn−2t2
)
+
∑
0≤t αt(n)γ
t (1⊗ x2) (xt1 ⊗ xt1)∆0
(
xn−2t2
) )
=
( ∑
0≤t αt(n)γ
t (xt1 ⊗ xt1)
[
(x2 ⊗ 1)∆0
(
xn−2t2
)]
+
∑
0≤t αt(n)γ
t (xt1 ⊗ xt1)
[
(1⊗ x2)∆0
(
xn−2t2
)] )
(4.7)
=


∑
0≤t αt(n)γ
t (xt1 ⊗ xt1)
[
(x2 ⊗ 1) ·S0⊗S0 ∆0
(
xn−2t2
)]
+
∑
0≤t αt(n)γ
t (xt1 ⊗ xt1)
[
(1⊗ x2) ·S0⊗S0 ∆0
(
xn−2t2
)]
+
∑
0≤t αt(n)γ
t (xt1 ⊗ xt1)
[
(n− 2t)γ (x1 ⊗ x1)∆0
(
xn−2t−12
)]


=
( ∑
0≤t αt(n)γ
t (xt1 ⊗ xt1)
[
(x2 ⊗ 1 + 1⊗ x2) ·S0⊗S0 ∆0
(
xn−2t2
)]
+
∑
0≤t αt(n) (n− 2t)γt+1
(
xt+11 ⊗ xt+11
)
∆0
(
xn−2t−12
) )
=
( ∑
0≤t αt(n)γ
t (xt1 ⊗ xt1)∆0
(
xn+1−2t2
)
+
∑
0≤t αt(n) (n− 2t) γt+1
(
xt+11 ⊗ xt+11
)
∆0
(
xn−2t−12
) )
=
( ∑
0≤t αt(n)γ
t (xt1 ⊗ xt1)∆0
(
xn+1−2t2
)
+
∑
1≤s αs−1(n) (n+ 2− 2s)γs (xs1 ⊗ xs1)∆0
(
xn+1−2s2
) )
=
∑
0≤t αt(n+ 1)γ
t (xt1 ⊗ xt1)∆0
(
xn+1−2t2
)
where
αt(n+ 1) =
{
αt(n) if t = 0,
αt(n) + αt−1(n) (n+ 2− 2t) if t > 0.
Sine α0(0) = 1 we get α0(n) = 1 for all n ≥ 0 and, sine for all t > 0, αt(1) = 0,
one easily get αt(n) = 0 whenever n < 2t.
Now we have
∆(xn11 x
n2
2 ) = ∆ (x
n1
1 )∆ (x
n2
2 )
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= ∆(xn11 )

∑
0≤t
αt(n2)γ
t
(
xt1 ⊗ xt1
)
∆0
(
xn2−2t2
)
=
∑
0≤t
αt(n2)γ
t
(
xt1 ⊗ xt1
)
∆(xn11 )∆0
(
xn2−2t2
)
=
∑
0≤t
αt(n2)γ
t
(
xt1 ⊗ xt1
) [
∆0 (x
n1
1 ) ·S0⊗S0 ∆0
(
xn2−2t2
)]
=
∑
0≤t
αt(n2)γ
t
(
xt1 ⊗ xt1
)
∆0
(
xn11 x
n2−2t
2
)
.
Let n > 1 and z ∈ P (S) ∩ Sn. Then
z =
∑
0 ≤ n1, n2
n1 + n2 = n
λn1,n2x
n1
1 x
n2
2 .
Then z ⊗ 1 + 1⊗ z = ∆(z) rewrites as∑
0 ≤ n1, n2
n1 + n2 = n
λn1,n2x
n1
1 x
n2
2 ⊗ 1 + 1⊗
∑
0 ≤ n1, n2
n1 + n2 = n
λn1,n2x
n1
1 x
n2
2
=
∑
0 ≤ n1, n2
n1 + n2 = n
0 ≤ t
λn1,n2αt(n2)γ
t
(
xt1 ⊗ xt1
)
∆0
(
xn11 x
n2−2t
2
)
.
Note that
(4.8)
(
xt1 ⊗ xt1
)
∆0
(
xn11 x
n2−2t
2
)
=∑
0 ≤ i1 ≤ n1
0 ≤ i2 ≤ n2
(
n1
i1
)(
n2
i2
)(
xt+i11 x
i2
2 ⊗ xt+n1−i11 xn2−i22
)
.
Sine n > 1 we an always nd a ouple (i1, i2) 6= (0, 0) , (n1, n2) so that we get
λn1,n2αt(n2)γ
t
(
n1
i1
)(
n2
i2
)
= 0.
For t = 0, sine char(K) = 0, we get λn1,n2 = 0. Hene z = 0. We have so proved
that P (S) ∩ Sn = {0} for all n > 1. Hene
P (S) = Kx1 +Kx2
so that S = B (V, c).
Conversely, suppose S = B (V, c). Then P (S) = Kx1 +Kx2. By ontradition,
suppose char(K) = p for some prime p > 2. In the ases 1, 2, 4 and 8 of Table
1, we get that xp1 ∈ P (S) , a ontradition. In the remaining ases we get that
xp2 ∈ P (S), a ontradition. Note that in ase 3 the proof uses that
∆(xn2 ) = ∆0 (x
n
2 ) +
(
n
2
)
γ (x1 ⊗ x1)∆0
(
xn−22
)
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that an be proved in a similar way as in the other impliation.
In ase 7, if char(K) = 0 and γ is a primitive t-root of unity for some t > 0, then
t > 2 (as γ 6= ±1) and we get xt1 ∈ P (S), a ontradition . 
Corollary 4.8. Let (V, c) be any braided vetor spae as in Table 1. Then the
equivalent onditions of Theorem 3.9 are fullled whenever SQ (V, c) = B (V, c).
Proof. It is enough to observe that ondition (ii) of Theorem 3.9 holds for all (V, c)
as in Table 1. 
Theorem 4.9. Let A be a primitively generated onneted braided bialgebra and let
(P, c) be the braided vetor spae of primitive elements of A. Assume the Nihols
algebra B (P, c) is a quadrati algebra and c has minimal polynomial f ∈ K [X ]
of the form f = (X + 1)h for some h ∈ K [X ] suh that h (−1) 6= 0. Set β :=
mAh(c). Then (P, c, β) is a lifted QLie algebra and A is isomorphi to the universal
enveloping algebra UQ (V, c, β). Moreover assume
1) char (K) 6= 2;
2) P is two dimensional;
3) dim (Imβ) = 1.
Then, there exists a basis x1, x2 for P and γ ∈ K suh that c, β, UQ (P, c, β) and f
take only one of the anonial forms (up to an isomorphism of lifted QLie algebras)
in Table 1.
Proof. The rst part follows by Theorem 3.18 and the seond part by Theorem
4.4. 
Appendix A. Further results
Although we don't have a omplete lassiation in ase dim (Imβ) = 2 yet, in
this setion we inlude a partial result that an help in this diretion.
Theorem A.1. If dim (Imβ) = 2, then dim Im (c+ IdV ⊗2) = 2.
Proof. Assume dim (Imβ) = 2. Then β is surjetive so that dim Im (h (c)) ≥ 2.
Sine h(−1) 6= 0, by Lemma 3.13, Im (c+ IdV ⊗2) ⊕ Im (h (c)) = V ⊗2 in view
of the standing hypotheses in Notation 4.3. Sine V is two-dimensional, we have
three ases namely dim Im (c+ IdV ⊗2) = 0, 1, 2. The rst ase does not our. In
fat, dim Im (c+ IdV ⊗2) = 0 implies c = −IdV ⊗2 . By (3.6), we get β1 = −β2 whih
entails β = 0, a ontradition.
Let δ : Im (c+ IdV ⊗2) → Im (c+ IdV ⊗2) be the restrition of c + IdV ⊗2 . Let
pδ ∈ K [X ] be the minimal polynomial of δ. Then f | pδ · (X + 1) .
dim Im (c+ IdV ⊗2) = 1) In this ase deg (pδ) = 1 so that pδ = X − q for some
q ∈ K and f = (X − q) (X + 1) .
We need the following lemma.
Lemma A.2. ker (β) = Im (c+ IdV ⊗2)⊕ [ker (β) ∩ Im (h (c))] .
Proof. Sine dim Im (c+ IdV ⊗2) = 1 we get Im (c+ IdV ⊗2) = Kv1 for some v1 ∈
V ⊗2\ {0} . By (3.8), v1 ∈ ker (β) . Sine β is surjetive, one has
V = Im (β) ≃ V ⊗2/ ker (β)
so that dimker (β) = 2. Hene we an omplete v1 to a basis v1, v
′
2 of ker (β). Now
v′2 ∈ V ⊗2 = Im (c+ IdV ⊗2)⊕Im (h (c)) so that v′2 = av1+v2 for some v2 ∈ Im (h (c)).
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Moreover v2 = −av1 + v′2 ∈ ker (β) whene v2 ∈ ker (β) ∩ Im (h (c)). Clearly v1, v2
is a basis for ker (β). 
In view of Lemma A.2, we have that ker (β) has a basis v1, v2 where v1 ∈
Im (c+ IdV ⊗2) = ker (h (c)) = ker (c− qIdV ⊗2) and v2 ∈ [ker (β) ∩ Im (h (c))].
Complete v2 to a basis v2, v3, v4 of Im (h (c)) = ker (c+ IdV ⊗2). Clearly v1, v2, v3, v4
is a basis of V ⊗2. We set x1 := β (v3) and x2 := β (v4). Obviously x1, x2 is a basis
of V .
Suppose x1⊗ x1 /∈ Im (h (c)) . Then x1⊗ x1, v2, v3, v4 is a basis of V ⊗2. Thus for
eah i, j ∈ {1, 2} there are ξi,jt ∈ K suh that
xi ⊗ xj = ξi,j1 x1 ⊗ x1 + ξi,j2 v2 + ξi,j3 v3 + ξi,j4 v4.
Clearly ξ1,1t = δ1,t. Now
(c+ IdV ⊗2) (xi ⊗ xj) = ξi,j1 (c+ IdV ⊗2) (x1 ⊗ x1) ,
β (xi ⊗ xj) = ξi,j1 β (x1 ⊗ x1) + ξi,j3 x1 + ξi,j4 x2.
By setting (c+ IdV ⊗2) (x1 ⊗ x1) =
∑
m,n v
m,nxm⊗xn and β (x1 ⊗ x1) =
∑
m s
mxm
we get
c (xi ⊗ xj) = −xi ⊗ xj +
∑
m,n
ξi,j1 v
m,nxm ⊗ xn,
β (xi ⊗ xj) =
∑
m
ξi,j1 s
mxm + ξ
i,j
3 x1 + ξ
i,j
4 x2.
In matrix form we have
(A.1) c =


−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

+


v1,1 0 0 0
0 v2,1 0 0
0 0 v1,2 0
0 0 0 v2,2




1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1




1 0 0 0
0 ξ2,11 0 0
0 0 ξ1,21 0
0 0 0 ξ2,21

 ,
and
β =
(
0 ξ2,13 ξ
1,2
3 ξ
2,2
3
0 ξ2,14 ξ
1,2
4 ξ
2,2
4
)
+
(
s1 0
0 s2
)(
1 1 1 1
1 1 1 1
)
1 0 0 0
0 ξ2,11 0 0
0 0 ξ1,21 0
0 0 0 ξ2,21

 .
We set
1 := identity 4× 4 matrix,
V := diag{v1,1, v2,1, v1,2, v2,2},
Ξ := diag{1, ξ2,11 , ξ1,21 , ξ2,21 } and
U := 4× 4 matrix with 1 in eah entry
moreover, we set M := VUΞ.
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Now
f (c) = 0⇔ (c− qIdV ⊗2) (c+ IdV ⊗2) = 0
⇔M [M− (q + 1)1] = 0
⇔ VUΞ [VUΞ− (q + 1)1] = 0
⇔ V[UΞVU − (q + 1)U]Ξ = 0.
It is straightforward to hek that
(A.2) UDU = Tr (D) · U , for eah diagonal matrix D.
By (A.2), we have UΞVU − (q + 1)U = xU where x := Tr (ΞV)− (q + 1) . Hene
V[UΞVU − (q + 1)U]Ξ = xVUΞ = xM.
Sine c+IdV ⊗2 6= 0, we have thatM is not zero so that V
[UΞVU − (q + 1)U]Ξ = 0
is equivalent to x = 0, i.e. to
v11 = q + 1−
(
v2,1ξ2,11 + v
1,2ξ1,21 + v
2,2ξ2,21
)
.
Hene we an apply this substitution. Then one easily gets that (3.8) is equivalent
to the following extra onditions
s1 = − 1
q + 1
(
v2,1ξ2,13 + v
1,2ξ1,23 + v
2,2ξ2,23
)
,
s2 = − 1
q + 1
(
v2,1ξ2,14 + v
1,2ξ1,24 + v
2,2ξ2,24
)
.
These onditions fore β = 0, whih is a ontradition (we performed the ompu-
tation by means of [AX℄).
Clearly also assuming x2⊗x2 /∈ Im (h (c)) one gets a ontradition. In onlusion
we an assume xi ⊗ xi ∈ Im (h (c)) for eah i ∈ {1, 2} . Then c and β take the form
c =


−1 c2111 c1211 0
0 c2121 c
12
21 0
0 c2112 c
12
12 0
0 c2122 c
12
22 −1

 and β =
(
β111 β
21
1 β
12
1 β
22
1
β112 β
21
2 β
12
2 β
22
2
)
.
We distinguish between dierent ases.
CASE 1) β112 6= 0. In this ase, by Proposition 3.23, we an assume β112 = 1.
Using the left-hand side of (3.6), we get c2121 = 0, c
21
12 = 1, c
21
22 = 0.
Using the right-hand side of (3.6), we get a ontradition.
CASE 2) β112 = 0.
Using the left-hand side of (3.6), we get β111 = 0.
CASE 2.1) β221 6= 0. In this ase, by Proposition 3.23, we an assume β221 = 1.
Using the left-hand side of (3.6), we get c1212 = 0, c
12
11 = 0, c
12
21 = 0.
Using the right-hand side of (3.6), we get a ontradition.
CASE 2.2) β221 = 0.
Using the left-hand side of (3.6), we get β222 = 0.
CASE 2.2.1) β212 6= 0. In this ase, by Proposition 3.23, we an assume β212 = 1.
Using the left-hand side of (3.6), we get c2122 = 0, c
21
12 = 0.
Using the right-hand side of (3.6), we get a ontradition.
CASE 2.2.2) β212 = 0. Sine dim (Imβ) = 2 we have β
12
2 6= 0. By Proposition
3.23, we an assume β122 = 1.
Using (3.8), we obtain c2112 = 0, c
12
12 = −1.
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Using the left-hand side of (3.6), we get β211 = 0 whih ontradits the ondition
dim (Imβ) = 2. 
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